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Abstrat
We begin with the time-dependent eletri and magneti dipole solu-
tion of Maxwell's equations in Minkowski spae. This Maxwell eld is
then used to determine the behavior of the gravitational eld (the Weyl
tensor) as a seond-order perturbation o of the Minkowski bakground.
From the Weyl tensor we go on and nd the spin-oeients and the full
metri in this approximation. The physial meaning of many of the rela-
tions is disussed. In partiular we an identify the onservation law of
angular momentum that ontains an angular momentum ux term.
1 Introdution
Reently Bramson[1℄ has investigated, perturbatively, the gravitational eets
due to a radiating pure eletri dipole Maxwell eld as soure. He began
with the pure Maxwell eld in a Minkowski bakground spae-time. He then
integrated the Bianhi Identities (also on the Minkowski bakground) for the
linearizedWeyl tensor with the given Maxwell eld inserted into the stress tensor
ating as the soure for the Weyl tensor. He found, as expeted, that indeed the
Maxwell eld did stimulate a gravitational response inluding energy loss and
gravitational radiation. He stopped short here and made no attempt to nd the
perturbed metri. All of Bramson's work, as well as the present work, is done
in the spin-oeient formalism
The purpose of the present note is three-fold: 1. we give a mild generaliza-
tion of Bramson's work by inluding both eletri and magneti dipoles in the
alulations, 2. we orret a minor error in Bramson's alulation, and 3. (our
major ontribution), we ontinue the perturbation alulation to inlude the in-
tegration of the perturbed spin-oeients and metri variables, thus obtaining
the perturbed metri.
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The strategy is to integrate the Maxwell equations and the Bianhi Identities
(as did Bramson) and then use these results in the integration of the omplete set
of spin-oeient and metri equations. The metri is then easily onstruted.
In Setion 2 we write the time dependent eletri and magneti dipole so-
lution of the Maxwell eld, assuming no Coulomb harge. In Setion 3, we
integrate the Bianhi identities in order to obtain the behavior of the Weyl ten-
sor (i.e., the gravitational eld). In Setion 4 the spin oeients and metri
variables are found. As will be seen, all the gravitational information will be
oded into the Bondi shear, whih is found as a funtion of the eletromag-
neti dipole eld. In Setion 5, a reality ondition (an algebrai Weyl tensor
symmetry) is applied to the known Weyl omponents. This leads to physial
meaning for many of the Weyl omponents as well as an understanding of the
gravitational dynamis. In Setion 6 the spae-time metri is easily alulated
and given. Conlusions and omments are given in Setion 7.
2 The Maxwell Field
In at Minkowski spae, we hoose the well-known Bondi oordinate system
(u, r, ζ, ζ¯), i.e., the oordinate system where u labels the light ones with apex on
a time-like world-line, ζ = eiφ cot(θ/2), the omplex stereographi oordinates
labeling the individual null geodesis, while r is the ane parameter along the
null geodesis. The Bondi null tetrad {la, na,ma, m¯a} is suh that la is tangent
to the null geodesis. This, with a further hoie of the tetrad, xes the at
spae spin-oeients (SC) as:
κ = σ = ε = π = τ = λ = γ = ν = 0, (1)
ρ = −r−1; α = −ζ
2r
= α
0
r
, β = ζ¯
2r
= β
0
r
,
µ = µ
0
r
= −1
r
.
In this tetrad and oordinate system, the retarded at-spae Maxwell eld
for eletri and magneti dipole radiation an be written as[2, 3℄:
φ0 =
φ00
r3
≡ 2D
i
r3
Y 1
1i, (2a)
φ1 =
φ01
r2
+
φ11
r3
≡
√
2Di′
r2
Y 01i −
Di
r3
Y 01i,
φ
2
=
−2Di′′
r
Y −1
1i +
2
√
2Di′
r2
Y −1
1i −
Di
2r3
Y −1
1i ,
φ0
2
≡ −2Di′′Y −1
1i .
The omplex three-vetor Di (the omplex dipole moment) an be written
as
Di = DiE + iD
i
M , (3)
2
where DiE and D
i
M are the eletri and magneti dipole moments respetively.
Di is an arbitrary funtion of the retarded time, ur ≡
√
2u.
For our perturbation alulations we will treat, Di (or ξi) as rst order.
Remark: Often[4, 5, 6℄ we nd it useful to write Di ≡ qξi, where ξi is
treated as a omplex position vetor.
Remark: In the preeding as well as in what follows, we will denote the
derivative with respet to the Bondi time as ∂u() = (
·), while dierentiation
with respet to the retarded Bondi time is ∂ur () = (
′). Note that (·) =
√
2(′).
Later in Setion 5, just to view the equations with appropriate units (i.e., to
restore the c), we make the transition (′) => c−1(′) in a few equations.
3 The Gravitational Field-the Weyl Tensor
We now turn to the linear Bianhi identities in the SC formalism with the at
spae set of oeients given in (1). The radial equations an be written as[3℄:
∂ψ1
∂r
+
4ψ1
r
=
ð¯ψ0
r
+
5kφ00φ¯
0
1
r6
+
kð(φ00φ¯
0
0)− 4kφ00ðφ¯00
r7
, (4)
∂ψ
2
∂r
= − 3ψ2
r
+
ð¯ψ
1
r
− 2kφ
0
1
φ¯
0
1
r5
+
k
3r6
(4φ01ðφ¯
0
0 + 4φ¯
0
1ð¯φ
0
0 − 2ð(φ01φ¯00) + ð¯(φ00φ¯01))
− k
3r7
[
5
2
ð¯φ00ðφ¯
0
0 − ð(φ¯00ð¯φ00) +
1
2
ð¯(φ00ðφ¯
0
0) + φ
0
0φ¯
0
0]− k∆(
φ00φ¯
0
0
3r6
),
∂ψ3
∂r
= − 2ψ3
r
+
ð¯ψ2
r
− kφ
0
2φ¯
0
1
r4
+
k
3r5
(2φ0
2
ðφ¯
0
0
+ 4φ¯
0
1
ð¯φ0
1
− ð(φ0
2
φ¯
0
0
) + 2ð¯(φ0
1
φ¯
0
1
))
− k
3r6
(
5
2
ðφ¯
0
0
ð¯φ0
1
+
5
4
φ¯
0
1
ð¯
2φ0
0
− ð(φ¯0
0
ð¯φ0
1
) + ð¯(φ0
1
ðφ¯
0
0
) + ð¯(φ¯
0
1
ð¯φ0
0
))
+
k
12r7
(2ð¯(ð¯φ0
0
ðφ¯
0
0
)− ð(φ¯0
0
ð¯
2φ0
0
) + 3ðφ¯
0
0
ð¯
2φ0
0
)− 2k
3
∆(
φ0
1
φ¯
0
0
r5
− φ¯
0
0
ð¯φ0
0
2r6
),
∂ψ
4
∂r
= − ψ4
r
+
ð¯ψ
3
r
+
ð¯(φ0
2
φ¯
0
1
)
r4
− k
2r5
(ð¯(φ0
2
ðφ¯
0
0
) + 2ð¯(φ¯
0
1
ð¯φ0
1
)− 2φ0
2
φ¯
0
0
)
+
k
4r6
(2ð¯(ð¯φ01ðφ¯
0
0) + ð¯(φ¯
0
1ð¯
2φ00)− 4φ¯00ð¯φ01)−
k(ð¯(ðφ¯
0
0ð¯
2φ00)− 2φ¯00ð¯2φ00)
8r7
−k∆(φ
0
2φ¯
0
0
r4
− φ¯
0
0ð¯φ
0
1
r5
+
φ¯
0
0ð¯
2φ00
4r6
).
In these equations, the at spae operator ∆ is given by: ∆ ≡ ∂u − ∂r and
the onstant k = 2G/c4 . If Eqs.(2a) had been used here a large simpliation
would have ourred.
3
Now, as we are interested only in those gravitational eets whih arise due
to the Maxwell eld, Eq.(2a), we an follow Bramson[1℄ in setting ψ0 = 0. In
this ase, integrating Eqs.(4), with frequent use of Clebsh-Gordon expansions[7℄
to re-express the quadrati terms, produes:
ψ1 =
ψ01
r4
− ik(10D
iD¯j′
r5
− 3
√
2DiD¯j
r6
)ǫijkY
1
1k (5)
− k(5
√
2DiD¯j′
r5
− 3D
iD¯j
r6
)Y 1
2ij ,
ψ2 =
ψ02
r3
− ð¯ψ
0
1
r4
+ k(
2Di′D¯j′
r4
− (2 + 8
√
2)(D¯iDj)′
9r5
+
20DiD¯j
9r6
)δij (6)
+ik(
24DiD¯j′ + (4 +
√
2)(D¯iDj)′
r5
−
√
2DiD¯j
r6
)ǫijkY
0
1k
+k(
4Di′D¯j′
3r4
+
30
√
2DiD¯j′ + (1 + 2
√
2)(D¯iDj)′
18r5
− 10D
iD¯j
9r6
)Y 0
2ij ,
ψ3 =
ψ0
3
r2
− ð¯ψ
0
2
r3
+
ð¯2ψ0
1
2r4
(7)
+ki(
2Di′′D¯j′
r3
− 2(
√
2Di′D¯j′ + (1−√2)(D¯iDj′)′)
3r4
+
(34−√2)(DiD¯j)′ −DiD¯j′
9r5
− 5
√
2DiD¯j
4r6
)ǫijkY
−1
1k
−k(
√
2Di′′D¯j′
r3
− 20D
i′D¯j′ +
√
2(D¯iDj′)′
3r4
)Y −1
2ij
−k(37
√
2Di′D¯j + (3− 49√2)(DiD¯j)′
18r5
− 23D
iD¯j
12r6
)Y −1
2ij ,
ψ4 =
ψ04
r
− ð¯ψ
0
3
r2
+
ð¯
2ψ02
2r3
− ð¯
3ψ01
6r4
(8)
−k(3
√
2Di′′D¯j′ + 2(Di′′D¯j)′
r3
− (16
√
2− 72)(D¯iDj′)′
9r4
−128D
i′D¯j′
9r4
+
(24− 107√2)(DiD¯j)′ − 25√2Di′D¯j
36r5
+
47DiD¯j
15r6
)Y −2
2ij .
The radially independent `funtions of integration' ψ01, ψ
0
2, ψ
0
3, and ψ
0
4 are
now determined by the non-radial Bianhi identities. These take the form[3℄:
ðψ01 = 3kφ
0
0φ¯
0
2, (9)
ψ˙
0
1
= −ðψ0
2
+ 2kφ0
1
φ¯
0
2
, (10)
4
ψ˙
0
2 = −ðψ03 + kφ02φ¯02, (11)
ψ˙
0
3 = −ðψ04. (12)
A straightforward `integration' of (9), i.e., just the omparison of spherial
harmoni oeients, yields:
ψ01 = 3kD
iD¯j′′Y 12ij + a
kY 11k. (13)
Here, the radially independent omplex 3-vetor ak(ur) emerges as another
`funtion of integration', the behavior of whih will be determined shortly. Con-
tinuing on to (10), we an again , by omparing spherial harmoni oeients
and the use of a Clebsh-Gordon expansion of the Maxwell eld term, obtain:
ψ0
2
= χ+(
√
2
2
ak′−2kiDi′D¯j′′ǫijk)Y 01k+
√
2k(
1
2
(DiD¯j′′)′+
1
3
Di′D¯j′′)Y 0
2ij . (14)
The salar valued χ(ur) enters here in the same manner as the a
k
entered
in the previous
integration. Now, from (11), noting that sine ψ3 has spin-wt s = −1 and hene
it annot have
an l = 0 harmoni ontribution, leaves us with the following relations:
ψ0
3
= [2
√
2ki(Di′D¯j′′)′ǫijk +
√
2kiD¯i′′Dj′′ǫijk − ak′′]Y −11k (15)
+ k[
1
3
D¯i′′Dj′′ − (DiD¯j′′)′′ − 2
3
(Di′D¯j′′)′]Y −1
2ij ,
χ˙ =
√
2χ′ =
4k
3
D¯i′′Dj′′δij . (16)
It should be noted that the evolution equation for χ is equivalent to that
given by Bramson [1℄. From a physial viewpoint it is (up to multipliative
onstants) exatly the Bondi energy loss theorem. It oinides exatly with the
lassial E&M eletri and magneti dipole energy loss.
Finally from Eq.(12), realling that ψ4 has spin weight s = −2, it follows
that there annot be an l = 1 harmoni ontribution in that equation. This
allows us to determine ak (up to initial values) as well as obtain the desired
expression for ψ04:
ψ0
4
=
√
2k
[
(DiD¯j′′)′′′ − 1
3
(D¯i′′Dj′′)′ +
2
3
(Di′D¯j′′)′′
]
Y −2
2ij , (17)
ak′′′ =
√
2ki{2(Di′D¯j′′)′′ + (D¯i′′Dj′′)′}ǫijk. (18)
Remark: The Weyl tensor omponents ψ1, ψ2, and ψ3 all appear to ontain
the l = 1 spherial harmoni ontributions from the vetor ak; however
Eq.(12) puts a ondition, Eq.(18), on the ak that eliminates the l = 1 part of
ψ03. Bramson[1],improperly set the a
k = 0, apparently overlooking this
ondition.
Remark: There is a further equation (a reality ondition) on ψ02 that plays
a very important role. It however involves a further variable (the spin-oeient
σ0, i.e., the Bondi shear) for its desription. We postpone a disussion of this
ondition until later.
4 The Spin Coeients
In order to determine the metri of the perturbed spae-time with the Weyl ten-
sor given in Setion 3, we need the full set of spin oeients. We integrate the
spin-oeient equations on a at bakground but `driven' by the just obtained
Weyl tensor. Afterwards we integrate the `metri' equations whih then lead
to the metri expression.
Sine we onsidered the Maxwell eld to be small (rst order) and sine they
entered the Bianhi Identities quadratially we must onsider the Weyl tensor
to be seond order. We thus will alulate the spin-oeients with a seond
order orretion to the zeroth order at spae oeients.
The only SCs whih expliitly remain zero in the perturbation are (κ, π,ǫ)
due to our hoie of the tetrad[8℄. This tetrad hoie also ontinues to x ρ = ρ¯
and τ = α¯+ β.
We rst integrate the optial equations
∂ρ
∂r
= ρ2 + σσ¯ +
kφ0
0
φ¯
0
0
r6
, (19)
∂σ
∂r
= 2ρσ. (20)
for the spin oeients ρ and σ, the divergene and shear of la.Writing ρ =
r−1 + p and σ = s, we obtain:
ρ = −1
r
+
p02
r2
− σ
0σ¯0
r3
− kφ
0
0φ¯
0
0
3r5
, (21)
σ =
σ0
r2
. (22)
However, as the σ0 (our funtion of integration) is of seond order in the
perturbation, the third term in the expression for ρ an be negleted. Further-
more, the integration onstant p02 an be set equal to zero by a seond order
shift of the origin of the radial oordinate r, and our nal expressions beome:
ρ = −1
r
− kφ00φ¯00
3r5
, σ = σ
0
r2
. (23)
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Solving the other radial and non-radial SC equations yields the following
results, whih are in the leading terms equivalent to those of the asymptotially
at spae-time[3℄:
τ = − ψ
0
1
2r3
+ ki(
8DiD¯j′
3r4
−
√
2DiD¯j
2r5
)ǫijkY
1
1k + k(
4
√
2DiD¯j′
3r4
− D
iD¯j
2r5
)Y 12ij , (24)
α =
α0
r
− β
0σ¯0
r2
+ ki(
2D¯iDj′
3r4
−
√
2D¯iDj
4r5
)ǫijkY
−1
1k (25)
− k(
√
2D¯iDj′
3r4
− D¯
iDj
4r5
)Y −1
2ij +
kα0φ0
0
φ¯
0
0
12r5
,
β =
β0
r
− α
0σ0
r2
− ψ
0
1
2r3
+ ki(
10DiD¯j′
3r4
− 3
√
2DiD¯j
4r5
)ǫijkY
1
1k (26)
+k(
5
√
2DiD¯j′
3r4
− 3D
iD¯j
4r5
)Y 1
2ij +
kβ0φ0
0
φ¯
0
0
12r5
,
γ = − ψ
0
2
2r2
+
ð¯ψ0
1
3r3
+
(α0ψ0
1
+ β0ψ¯
0
1
)
6r3
(27)
−k(10D
i′D¯j′
9r3
− (1 + 7
√
2)(DiD¯i)′
18r4
+
26DiD¯j
45r6
)δij
−ki(24D
iD¯j′ + (4 +
√
2)(DiD¯j)′
24r4
−
√
2DiD¯j
6r5
)ǫijkY
0
1k
− k(2D
i′D¯j′
3r3
+
(1− 4√2)(DiD¯j)′ + 30√2DiD¯j′
24r4
− 7D
iD¯j
45r5
)Y 0
2ij +B,
B ≡ ikβ0(8D¯
iDj′
9r3
−
√
2DjD¯i
16r4
)ǫijkY
−1
1k − kβ0(
4
√
2D¯iDj′
9r3
− D
jD¯i
16r4
)Y −1
2ij
−ikα0(8D
iD¯j′
9r3
−
√
2D¯jDi
16r4
)ǫijkY
1
1k − kα0(
4
√
2DiD¯j′
9r3
− D¯
jDi
16r4
)Y 12ij
λ =
λ0
r
+
σ¯0
r2
+ k(
2Di′′D¯j
r3
− 4
√
2Di′D¯j
3r4
+
DiD¯j
2r5
)Y −2
2ij , (28)
µ = −1
r
−ψ
0
2
r2
+
ð¯ψ0
1
2r3
−k(D
i′D¯j′
r3
− (2 + 8
√
2)(D¯iDj)′
27r4
+
5DiD¯j
3r5
)δij (29)
− ki(24D
iD¯j′ + (4 +
√
2)(DiD¯j)′
18r4
−
√
2DiD¯j
4r5
)ǫijkY
0
1k
− k(2D
i′D¯j′
3r3
+
(1 + 2
√
2)(DiD¯j)′ + 30
√
2DiD¯j′
54r4
− 5D
iD¯j
18r5
)Y 02ij ,
7
ν = − ψ
0
3
r
+
ð¯ψ02
2r2
− (ψ¯
0
1 + ð¯
2ψ01)
6r3
(30)
−ki(2D
i′′D¯j′
r2
− 8
√
2Di′D¯j′ +
√
2Di′′D¯j + (1−√2)(D¯iDj′)′
9r3
)ǫijkY
−1
1k
− ki(8D
iD¯j′ + 6D¯iDj′ + (34−√2)(DiD¯j)′
36r4
− 7
√
2D¯iDj
20r5
)ǫijkY
−1
1k
+ k(
√
2Di′′D¯j′
r2
− 3D
i′′D¯j + 26Di′D¯j′ +
√
2(D¯iDj′)′
9r3
)Y −1
2ij
+k(
70
√
2Di′D¯j + (3− 40√2)(DiD¯j)′
72r4
+
11D¯iDj
60r5
)Y −1
2ij .
The radially independent onstants entering into the formulation are gov-
erned by the following relations whih emerge diretly from the non-radial SC
equations:
α0 = −β¯0 = −ζ
2
, (31)
λ0 =
√
2σ0′,
ψ0
3
=
√
2ðσ0′,
ψ0
4
= −
√
2λ0′ = −2σ0′′.
First, however, by omparing the ψ0
4
from Eqs.(17) and (31), i.e.,
ψ0
4
= −
√
2k[
1
3
(D¯i′′Dj′′)′ − (DiD¯j′′)′′′ − 2
3
(Di′D¯j′′)′′]Y −2
2ij , (32)
with ψ04 = −λ˙
0
= −σ¨0, we obtain the asymptoti Bondi shear
σ0 =
√
2
2
k[
1
3
∫
(D¯i′′Dj′′)dur − (DiD¯j′′)′ − 2
3
(Di′D¯j′′)]Y −2
2ij , (33)
and the Bondi news funtion,
σ0′ =
√
2
2
k[
1
3
(D¯i′′Dj′′)− (DiD¯j′′)′′ − 2
3
(Di′D¯j′′)′]Y −2
2ij . (34)
These are basi and important relations.
With these results all the funtions of integration are now known in terms
of the Maxwell eld, or equivalently in terms of the omplex Di and its time
derivatives.
5 The Reality Condition
In the previous setion we mentioned that there existed a further ondition on
the asymptoti Weyl tensor, namely a reality ondition. By dening the mass
aspet, Ψ, by
8
Ψ = ψ02 + ð
2σ0 +
√
2σ0(σ0)′, (35)
the reality ondition is simply
Ψ = Ψ. (36)
Before we nd the onsequenes of this ondition it is worthwhile to see the
physial meaning of the mass aspet.
When Ψ is expanded in spherial harmonis,
Ψ = Ψ0 +ΨiY 0
1i +Ψ
ijY 0
2ij + ..., (37)
one has, from the work of Hermann Bondi[9, 3℄, the physial meaning of the
l = (0, 1) harmonis as the mass and the linear 3-momentum: i.e.,
Ψ0 = −2
√
2G
c2
M, (38)
Ψi = −6G
c3
P i. (39)
The rst result from the reality is that the M and P i are real. We will see
shortly that it also leads to an expression for onservation of angular momentum
in the form of a ux law.
Returning to the expression for Ψ, we see that sine σ0 is 2nd order the
term
√
2σ0(σ0)′ an be ignored and the ondition beomes
Ψ = ψ02 + ð
2σ0 = ψ
0
2 + ð
2
σ0.
Substituting the expressions for ψ0
2
and σ0 (i.e., Eqs.(14) and (33)) into Ψ we
obtain, after some anellation of terms
Ψ = χ+ (
√
2
2
ak′ − 2kiDi′D¯j′′ǫijk)Y 01k + k
√
2
6
∫
(D¯i′′Dj′′)durY
0
2ij . (40)
The l = 2 harmoni is real without any added onditions. This follows from
the symmetry of Y 0
2ij .
The l = 0 harmoni ondition is just
Ψ0 = χ = χ = −2
√
2G
c2
M, (41)
while the l = 1 ondition, with ak = akR + ia
k
I , is that
ak′I = 2
√
2k[Di′ED
j′′
E +D
i′
MD
j′′
M ]ǫijk. (42)
Comment: In an earlier setion we saw that the omplex ak was de-
termined by Eq..(18), i.e., by
ak′′′ = 2
√
2ki(Di′D¯j′′)′′ǫijk +
√
2ki(D¯i′′Dj′′)′ǫijk. (43)
9
It was a relief to us to see that the imaginary part of Eq.(43) oinided
with the reality ondition, Eq.(42). For ompleteness we give the real part of
Eq.(43):
ak′′′R = 2
√
2k(Dj′MD
i′
E)
′′′ǫijk −
√
2k(Di′′ED
j′′
M )
′ǫijk. (44)
The linear momentum given by
Ψi = −6G
c3
P i = [
√
2
2
akR − 2k(Dj′MDi′E)ǫijk ]′. (45)
The last piee of information that we obtain from the reality ondition omes
from the onventional identiation in linear theory of soure angular momen-
tum as observed from innity, namely:
Jk =
√
2c3
12G
ψ01k|I . (46)
From Eq.(13) we see that
Jk =
√
2c3
12G
akI , (47)
so that, from Eq.(42), with the restored 's from (′) => c−1(′), we obtain
Jk′ =
2
3c
[Di′ED
j′′
E +D
i′
MD
j′′
M ]ǫijk . (48)
In other words the reality ondition applied to the l = 1 harmoni, i.e.,
Eq.(42), desribes the loss of angular momentum. This agrees exatly with the
lassial loss of angular momentum due to eletromagneti dipole radiation[10℄.
6 The Metri
In our Bondi oordinate system, the inverse metri takes the form[3℄:
gab =


0 1 0 0
1 g11 g1ζ g1ζ
0 g1ζ gζζ gζζ
0 g1ζ gζζ gζζ

 ,
where all the metri omponents are given in terms of metri oeients U , ω,
XA, and ξA, for A ∈ {ζ, ζ¯}.
g11 = 2(U − ωω¯),
g1A = XA − (ω¯ξA + ωξ¯A),
gAB = −(ξAξ¯B + ξB ξ¯A),
(49)
These metri oeients satisfy a set of radial and non-radial equations given
in terms of the spin oeients just alulated[3, 8℄:
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∂ξA
∂r
= ρξA + σξ¯
A
,
∂ω
∂r
= ρω + σω¯ − (α¯+ β),
∂XA
∂r
= (α+ β¯)ξA + (α¯+ β)ξ¯
A
,
∂U
∂r
= (α¯ + β)ω¯ + (α + β¯)ω − γ − γ¯,
(50)
δXA −∆ξA = (µ+ γ¯ − γ)ξA + λ¯ξ¯A,
δξ¯
A − δ¯ξA = (β¯ − α)ξA + (α¯− β)ξ¯A,
δω¯ − δ¯ω = (β¯ − α)ω + (α¯ − β)ω¯ + µ− µ¯,
δU −∆ω = (µ+ γ¯ − γ)ω + λ¯ω¯ − ν¯.
(51)
Still using the at-spae derivative operators, these equations an be inte-
grated as was done earlier, we obtain (using ertain standard oordinate ondi-
tions for the sphere metri) the metri oeients:
ξ0ζ = −P, ξ¯0ζ = 0,
ξ0ζ¯ = 0, ξ¯
0ζ¯
= −P,
P ≡ (1 + ζζ¯),
(52)
ξA =
ξ0A
r
− ξ¯
0A
σ0
r2
, (53)
ω = − ð¯σ
0
r
− ψ
0
1
2r2
+ ki(
4DiD¯j′
3r3
−
√
2DiD¯j
6r4
)ǫijkY
1
1k (54)
+k(
2
√
2DiD¯j′
3r3
− D
iD¯j
6r4
)Y 1
2ij ,
XA = ξ0A[
ψ¯0
1
6r3
+ ki(
2D¯iDj′
3r4
−
√
2D¯iDj
10r5
)ǫijkY
−1
1k (55)
−k(2
√
2D¯iDj′
3r4
− D¯
iDj
10r5
)Y −1
2ij ]
+ξ¯
0A
[
ψ01
6r3
− ki(2D
iD¯j′
3r4
−
√
2D¯jDi
10r5
)ǫijkY
1
1k
−k(2
√
2DiD¯j′
3r4
− D¯
jDi
10r5
)Y −1
2ij ],
U = −1− ψ
0
2
+ ψ¯
0
2
2r
+A, (56)
where we have bundled higher powers of r into the term A given expliitly by:
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A ≡ ð¯ψ
0
1 + ðψ¯
0
1
6r2
−k
3
(
10Di′D¯j′
3r2
− (1 + 7
√
2)(DiD¯j)′
9r3
+
13DiD¯j
15r4
)δij (57)
− ki(2D¯
j′Di − (D¯jDi)′)
3r3
ǫijkY
0
1k
−k(2D
i′D¯j′
3r2
+
(1− 4√2)(DiD¯j)′ + 30√2DiD¯j′
108r3
− 7D
iD¯j
90r4
)Y 02ij .
We an now ompute the inverse metri to seond-order in the perturbation,
where the omponents given in Eq.(49) take the form:
g11 = −2− (ψ
0
2 + ψ¯
0
2)
r
+ 2A, (58)
g1ζ = −P [ðσ¯
0
r2
+
2ψ¯
0
1
3r3
+ ik(
2D¯iDj′
r4
− 4
√
2D¯iDj
15r5
)ǫijkY
−1
1k (59)
−k(4
√
2D¯iDj′
3r4
− 4D¯
iDj
15r5
)Y −1
2ij ],
g1ζ¯ = −P [ ð¯σ
0
r2
+
2ψ0
1
3r3
− ik(2D
iD¯j′
r4
− 4
√
2D¯jDi
15r5
)ǫijkY
1
1k (60)
−k(4
√
2DiD¯j′
3r4
− 4D¯
iDj
15r5
)Y −1
2ij ],
gζζ =
2σ¯0P 2
r3
, (61)
gζ¯ζ¯ =
2σ0P 2
r3
,
gζζ¯ =
−P 2
r2
.
Calulating the inverse of gab.i.e.,
gab =


g00 1 g0ζ g0ζ
1 0 0 0
g0ζ 0 gζζ gζζ
g
0ζ 0 gζζ gζζ

 ,
we obtain the metri, now fully expressed in terms of Maxwell eld or in terms
of the omplex dipole, Di :
g00 = 2 + r
−1{2χ+ [
√
2
2
(ak′ + a¯k′)− 2ki((Di′D¯j′)′)ǫijk]Y 01k} (62)
+r−1k[
√
2
2
(DiD¯j′′ + D¯iDj′′)′ +
√
2(D¯i′Dj′)′
3
]Y 02ij − 2A,
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gζ0 = −P−1(ð¯σ0 + 2a
k
3r
Y 1
1k − ik(
DiD¯j′
r2
− 4
√
2DiD¯j
15r3
)ǫijkY
1
1k (63)
+k(
2DiD¯j′′
r
− 4
√
2DiD¯j′
3r2
+
4DiD¯j
15r3
)Y 1
2ij),
gζ¯0 = −P−1(ðσ¯0 +
2a¯k
3r
Y −1
1k + ik(
D¯iDj′
r2
− 4
√
2D¯iDj
15r3
)ǫijkY
−1
1k (64)
+k(
2D¯iDj′′
r
− 4
√
2D¯iDj′
3r2
+
4DiD¯j
15r3
)Y −1
2ij ),
gζζ =
−2σ0r
P 2
, (65)
gζ¯ζ¯ =
−2σ¯0r
P 2
,
gζζ¯ =
−r2
P 2
.
We reall that
σ0 =
k
√
2
2
[
1
3
∫
Di′′D¯j′′ dur − (D¯iDj′′)′ − 2
3
(D¯i′Dj′′)]Y 22ij . (66)
Eqs. (62)-(66) desribe the metri resulting from the perturbation o at
spae indued by the eletri and magneti dipoles Maxwell eld.
7 Disussion and Conlusion
In the present work we have extended ideas and work of Bramson. Starting with
the radiating dipole Maxwell eld, we found in addition to the 2nd order Weyl
tensor, the spin oeients and metri up to seond order. We also found the
physial ontent of the l = 1 spherial harmoni of the reality ondition to be
the angular momentum onservation law. Thus, in our approximation we an
fully haraterize, up to seond order, the hanges imposed on the Minkowski
spae-time by the eletromagneti perturbation.
Bramson, by making the error of setting ak = 0, missed the interesting
physis ontained in ak. Furthermore, by not ontinuing on to the spin-oeient
equations he had no means to investigate the reality onditions and would have
missed the onservation of angular momentum. One of the most important of
the spin-oeients is the Bondi asymptoti shear. We found that the shear (or
its time derivative, the Bondi news-funtion) is fully determined by the eletri
and magneti dipole moments. We also saw the Bondi mass loss equation yields
the lassial energy loss from eletrodynamis as well as nding the Bondi linear
momentum also determined by the Maxwell eld.
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An interesting observation is that in the Bondi mass loss formula, the energy
is lost only through the Maxwell dipole radiation and there is no term involving
the resultant gravitational radiation, via the Bondi news-funtion. The reason
for this is that the gravitational radiation is 4th order and thus not visible at our
approximation. It however does suggest that whenever there is eletromagneti
radiation it will always be aompanied by weak gravitational radiation.
This approximation sheme an be applied to any number of perturbation
alulations. In a future paper, we will apply this method to a more general
perturbation o the Shwarzshild solution. One should be able in priniple to
do similar things from a Reissner-Nordström or Kerr bakground as well, and
in future work we will investigate these senarios.
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